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ABSTRACT: The experimentally determined zero-shear viscosity of entangled branched polymers shows dramatic
variation due to the topological arrangements of the branches in branched polymer melts. The position of the
branch points, the arm length, and number of the arms are essential to defining the rheological behavior. Recent
advances in molecular tube models have led to a much greater understanding of the linear rheology of linear,
star, H-shaped, pom-pom, and comb polymers. We correct and extend existing molecular theories for the linear
viscoelasticity of comb polymer melts, especially in accounting for (1) polydispersity and (2) the path length of
backbone extremities. We compare the predictions with linear rheological data of nearly monodisperse
polybutadiene combs. We then predict the zero-shear viscosity for monodisperse comb polyethylenes with varying
arm lengths, backbone lengths, and number of arms. For a fixed molecular weight, we find that combs with the
longest arms but few branch points give the highest predicted zero-shear viscosities and that they obey an
exponential dependence on the length of the arms in the same way as star polymers. We find that combs with
short arms, under four entanglements, lie below the 3.4 power law obeyed by linear polymers. All other comb
topologies are bounded by these extremes.

I. Introduction Note that this reptation time is much longer than that of a linear
Advances in the tube thedryhave allowed the creation of polymer'due to the '?r.ge effective friction from the arms. This,
in turn, is very sensitive to the length of the entangled arms

detaﬂgd moc_lels for monodisperse branched polymers thatbecause the arm relaxation process, which allows branch point
describe the linear rheology of these melts. The only parameters

used by these models are determined by the chemistry of thedlﬁusmn’ depends exponentially on the arm length.
polymer chain and arle, the entanglement molecular weight, ||, Experimental Section

andre, the relaxation time of_an entanglemgnt segmentat a given Synthesis and RheologyThe polybutadiene comb synthesis has
temperature. Structural varlalples that define the topology of the previously been reported in detail in the literatéfeHere we shall
branched structure also define the modg., the backbone  hiefly summarize the rheological experiments. The polymer
length, the number of arms, and the length of them. Essential samples were vacuum-dried, compacted using a piston and cylinder,
to this program has been the availability of monodisperse, and then premolded to a suitable thickness and geometry using a
controlled architecture polymers, usually made by anionic template and platen press. The press molding temperature was
polymerizatior?® Of special interest is the “comb” architectre.  performed typically at 90C under a vacuum or nitrogen atmo-
This molecule shares some dynamical features of linear meltssphere to prevent oxidation. All shear rheology measurements were

(associated with the backbone) and those of star polymersmade using Rheometrics ARES or RDAII rotational rheometers
(associated with the arms). under a nitrogen atmosphere. The linear relaxation spec@®Um)

. . . and G"(w), was measured using a geometry of either 10 mm
We explore how the zero-shear viscosity varies for mono- giameter parallel plates or a 10 mm diameter cone and plate with

disperse comb polymers with varying arm lengths, backbone 2° included angle. Timetemperature superposition of the frequency
lengths, and number of arms. We also predict rheology of very sweep data was used to obtain master curves from measurements
highly branched combs. The comb model in the linear rheo- made betweer-80 and 60°C.
logical regime builds upon the MilnetMcLeish model of star
polymer for the arm relaxation dynamics along with the effect !!l- Theory
of dynamic dilution of the remaining network of material. The The model used in this paper follows largely the same comb
time for the arms to reach the branch point then sets the timetheory as outlined in ref 6. However, there are some differences
scale of the relaxation of the first segments of the backbone. in the resulting mathematical expressions used here, which arise
The backbone initially relaxes in a fashion similar to a star arm, from both corrections to former errors and developments in the
by fluctuation at the ends but with drag set by the arms and physics. These differences are summarized in Table 1. A variant
concentrated at the branch points. However, at some distanceof this comb model has been recently published to analyze the
along the backbone from the free ends, the fluctuation relaxationoriginal rheological study of combs by Kapnistos et?al.
time of the backbone becomes longer than the reptation time However, their model is different than ours in its treatment of
of the backbone, and the rest of the polymer relaxes by reptation.polydispersity (a simple weighted average), choice of the
dilution exponent, and the prefactors for the early relaxation

T School of Applied Mathematics, University of Leeds. times for the qomb b".mkbones' -

* School of Physics and Astronomy, University of Leeds. In the following we improve the quantitative accuracy of the

8 University of Sheffield. tube model for entangled combs by extending the model in two
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Table 1. Corrected Equations in This Paper Compared to Ref 6

equation for relaxation times equation in ref 6 equation in this paper explanation

early arm 3 4 no change

late arm 5 5 the factor 2 should be in the numerator not the denominator
within the square root (see Appendix A)

early light comb backbone 12 8 no change

late time comb backbone 10 10 the factor 2 should be in the numerator not the denominator
within the square root (see Appendix A)

light comb reptation 13 12 prefactor should be 25/8 (see text for derivation)

early highly branched comb backbone 15 9 prefactor is smaller by factor 2 (see Appendix B)

highly branched comb reptation 16 12 there is only one equation for backbone reptation

significant ways: (1) by accounting for polydispersity in the Figure 1 shows the dimensionless coordinates used to describe
arm molecular weight and (2) by calculating the influence on
the branch point motion of the position of the final grafted arm
along the backbone. The general procedure for calculating the
small-angle oscillatory shear modulus starts by computing the
arm relaxation spectrum via the tube dilation model for arm
retraction. The time scale of the arm relaxation up to the branch
point then enables a calculation of backbone relaxation times.
Numerical integration over the length of the arms and backbones
then provides the storage and loss modulii.

In recent literature, there has been some uncertainty in the
validity of the dynamic dilution proce$8used in this approach.
However, more detailed constraint-release models of entangled
star arms show that the single-mode dynamic tube dilution Figure 1. Schematic of an extended simple comb molecgle=(3),
(DTD) picture is valid as an approximation for linear rheological With the dimensionless curvilinear coordinatesand .

predictior? so we use this model for simplicity. The polymers 5 comb molecule. The arm coordinatg,runs from zero at the
modeled are highly entangled. We define the dimensionless fyee end to one at the branch point. To compute the backbone
number of entanglements 8s= Ma/Me for the number of arm  ength and volume fraction, we count all material between the
entanglements. The number of backbone entanglemepis, two outermost attachment points as backbone. Since we take
defined similarly.M, andMy, are the molecular weights of the e pranch points to be evenly spaced, the dimensionless
arms and backbones, respectivety.is the Rouse relaxation  p5ckbone length is given kg = (Mp — 2/(q + 1))/Me. Thus,
time of one segment of the entanglement molecular weight. The he packbone coordinat’,, runs from one at the center of the
value ofze is also temperature dependent. __ backbone to zero at the final branch point. In the derivation
_To account for the modulus reduction by effective dilution  presented in the main section of this paper we further assume
with successive removal of entanglements, we .also require thethat all arms have the same length, that of the grafted arms, to
dependence of plateau modulus on concentration of entanglecig|iow the approach of ref 6. This ignores the possibility that
chains®, G(t) ~ ®*. We choose the value of the dilution  gne of the arms on the end branch points may be longer or
exponent,o. = s, for © or melt conditions. The effective  ghorter depending on the backbone length and position of the

modulus of an entanglement network is a function of the fraction grafted arms. To correct this simplification, we have performed
of material that acts as solvent on a given time scale. For more 3 getajled calculation of the simultaneous relaxation of two

information about the dynamic tube dilution theory (DTD) see jfferent length comb arms within the dynamic dilution frame-
refs 5 and 10. The fraction of polymer chain that can confine a ok, Details of these calculations are contained in Appendix
given section of a molecule is related to the distance away from ¢ oy results indicate that, for the combs in this study, the
the free end. The general formula for the linear relaxation jnfiyence of this correction is relatively small, but for complete-
modulus is given by ness, we include this correction whenever we compare directly
to experimental data. To allow a convenient comparison with
19G(P(x)) e—t/r(x) dx Q) the work of Daniels et af,we choose the older definition of
0 ox the plateau modulus &S} = 4pRT/5Me, Which can lead to
some strange prefactors later!
where ®(X) is the fraction of unrelaxed chain andis the Arm Relaxation. All comb relaxation processes can be
normalized distance along the chaiifx) is the mean waiting derived from the dynamic dilution modef.'* The relaxation
time for a free end to visit the tube segment at tube coordinate time scales of the arms is given by eq 3, which is derived by
x. In the case of H-polymers, pom-poms, combs, and molecular allowing the early Rouse-like relaxation modes of the chain,
brushes we can divide the chain into arm and backbone 7, to cross over to the slower “activated” relaxation of the
coordinates separately and write eq 1 as star armsga.

G(t) =

G(t) = Golox + 1)( [} h" L — x) e Vol lx, + . 7, dx)e" 9 o
[ = ¢ 0.8 " dx) (2) 1+ 7,dx)e" Iz, (x)
0 a

The early relaxation time is given by the equation
where ¢, and ¢, are the arm and backbone volume fractions
andx, andx, are the dimensionless coordinates along the arm T.dX) = 22
a

SRR @
and the backbone, respectively. 256 =%a'e CDV
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Here 7. is the Rouse relaxation time of a chain of one andais the dilated tube diameter. Early stress relaxation occurs
entanglement lengtiM = M), which depends on the particular by free diffusion of the branch point with relaxation tithepe
polymer chemistry. The activated relaxation time uses the late (xp) = Xp?Lpe/8Dper. Substitution gives the early time
time formula for star polymers from the Milner and McLeish relaxation of pom-poms as

theory, modified for the presence of both arm and backbone

i imi i - 25
material, similar to theories for H-polymérs TodX) = GT&fsoszzfa(l) B ®)
3/2(27{5)1/2 U0
Tea 15, € For the case of lightly branched combs the friction is concen-
Tal%) = x(1— p.x)" ®) trated at the first branch points at either end of the chain because

of the two dangling arms. So effectively the early time eq 8 for
an H-polymer is valid withf = 2. The early relaxation times of
the light combs are the same as the H-polymer and are
proportional tax?; this is due to the friction being concentrated
at the outermost branch points.
o o+l For highly branched combs we calculate the early diffusion
U (x) = 15651~ (A~ ¢x) A+ (11 X)) (6) of branch points in a similar way to beads in the Rouse mbtlel.
41+ )2+ a)qbaz We treat the branch points as beads and renormalizing the Kuhn
length (see Appendix B). The early time CLF is dominated by
Backbone Relaxation.Once the arm retraction time at the highly coupled backbone frictional blob dynamics arising from
branch pointr,(1) is known, the relaxation time along the comb more than one branch point. This is better approximated by
backbone can be calculated. For contour length fluctuations,

See appendix A for a discussion of the first passage time
calculation used to derive eq 5. The effective potential energy
felt by the chain as it retracts into the tulig,, is't

ifi i iti 3757
th_e _backbone behaves as a star arm mod_lfled with add|t|c_)na| %) = , qsosxbzt (1) ¢b3a 9)
friction due to the arms at every branch point. The calculation 819
again utilizes a function that crosses over from an early
relaxation time,pdXy), t0 @ late oney(xp). The terminal The late relaxation time for CLF differs from Daniels etéal

relaxation time is the reptation time of the backbone itself, and is corrected to give
diffusing inside the dilated backbone tube. Segments are relaxed

by whichever disentanglement process is faster, contour length 2. 2% Us 27

fluctuation (CLF) or reptation. Thus, when the reptation time 25,9y ar(1)e Uyl(x,=0)

is calculated to be less than the relaxation time by fluctuation 7o (%) = > (20)
for any segment, then its relaxation is assigned to the reptation 8UL(X,)P

time. This is the terminal relaxation time.

The only additional molecular physics not known a priori, The need for this correction arises from an incorrect factor of
but necessary to any dynamics involving diffusion of branch 2 in ref 6. The correct first passage time calculation is given in
points, is the fraction of a (dilated) tube diameter by which a Appendix A. The effective potential felt by the backbone for
branch hops when its arm undergoes a complete retraction. Weretraction i§
denote this fraction by P/ leading to an expression for the
branch point diffusion constam. = agp?2t4(1), whereae = 1550, (1 — (1 — %)* ™M1 + (1 + a)x,)
ag,®? is the diameter of the dilated tube at the time scale of ~ Up(X) = 81+ )2+ (11)
full arm retraction. Here, as elsewhérae takep = 1//12,

although I‘ecenﬂy a fuller treatment of the relaxation of branched Note the prefactor is smaller by a factor of 2 Compared to the

polymer melts indicates thaf could be as low as 1/49. prefactor in eq 6, since in this expression the backbone is treated
The derivation proceeds by calculating the diffusion of branch 35 5 two-armed star of lengtiy/2.
points in a similar way to beads in the Rouse mddeThe The backbone fluctuation time increases rapidly with distance

form of the early-time relaxation of backbone segments differs from the chain end, and once this time exceeds the reptation
depending on whether it is dominated by the diffusion of just time then reptation becomes the preferred relaxation method.

one branch point or several. The first case applies to H-polymers, The backbone reptation time Ioth the cases of lightly and
pom-poms, and lightly branched combs and the second to highly highly branched combs is

branched combs. For a comb to be classed as heavily brafiched,

it must have more than one branch point in the part of the 25(1— Xc)2502¢ 2z (1)q
backbone relaxed by fluctuation, i.e.> (2My/M¢*) Y2, where Trep= > 2b a (12)
the renormalized entanglement molecular weight which includes 8rp

relaxed comb backbone Mcg* = Mg(dp(1 — X))~ In either _ ) _ _ ) _
case, the backbone relaxation time as a function of distanceWnerex. is the dimensionless distance into the tube at which
from the first branch to the center of the molecule from CLE 'eptation becomes faster than fluctuation, calculated self-
takes the crossover form consistently by solving zred(X:) = Tn(X). Equation 12 is derived
from the standard expressioR, = Le?(1 — Xc)?Sy/(77°Drep), With

- (Xb)eub(xb) the reptation diffusion constant found by addition of the drag
Ty (%) = be (7) from each branch pointD,, = DJg. We use numerical
14 7,4(%)€" 7, (%) trapezium integratiotf to compute the Fourier transforms in

eq 2 (to evaluat&s'(w) and G" (w)).1
The curvilinear diffusion constant of the branch point in the High-Frequency Theory. The chain dynamics within the
case of a pom-pothis Dy er = p?a(2(f — 1)r4(1)). Here,f is confines of the tube are governed by Rouse and longitudinal
the functionality or the number of free arms at one branch point relaxation mode3® The contribution to the shear relaxati%v
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modulus is given by a sum of the longitudinal modes and Rouse
modes from both the comb arms and the backbone:

comb(t) = Zja[ Rouse,gt) + Gnga(t)] +

°¢"[ Grouse ) + '°”‘“’()] (13)

The imaginary part of the Fourier transform gives the loss
modulus and the real part of the Fourier transform gives the
storage modulus. For the arms of the comb polymer the
contributions to the modulus are

(5s/4)-1 p2t
Glong,a(t) = Z exp— T (14)
P= Sy Ty
© 2pt
GRouse,gt) = Z exp — T (15)
p=55/4 S, Ty

The factors off/, in the limits of the summations arise from
the Milner—McLeish definition of the number of entanglements
(see ref 26 for details). The sub-tube Rouse modes have a
relaxation time of half ofr.. This arises because, for a
3-dimensional chain, the stress is the second moment of the
chain tangent correlation function, and this second moment
relaxes with half the Rouse relaxation time. For the longitudinal
modes, it was as shown in ref 23 that the projection of the chain
on to a 1D tube means that there is no factorlfefin the
relaxation time. In the case of the backbone the presence of

branches suppresses longitudinal Rouse motion for modes thaf

are less thamy; therefore, the backbone contributions are

(53,/4)—1 ot
Glong,tﬂ) = exp — T (16)
=g S Te
* 2pt
GRouse,gt) = Z expg — T a7
p=5%/4 S Te

Polydispersity Effects. We consider polydispersity in the
comb arms in a more thorough way than the simple method
suggested in Daniels et @A method of averaging over many
comb structures, in which each comb was treated independently,
was used by Kapnistos et #lto deal with polydispersity of
arm length, backbone length, and arm number. However, this
method does not account for the cooperative effect of chain
dilution, which is known to have a significant effect on the
relaxation of entangled polymers, particularly for branched
architectures. In branched polymers, the relaxation of a particular
chain is strongly influenced by the motion of its surrounding
chains. A detailed account of moderate polydispersity in arm
length was developed by Frischknecht ef®aTlhis treatment

Macromolecules, Vol. 39, No. 12, 2006

Table 2. Polybutadiene Comb Polymer Structural Parameters

Ma Mp Go Me
g (kg mol?) (kg mol-Y) (MPa) (g molY) 7.(s) at27.5C

comb €a

PBC5 8 11.9 1.04 63.9 1.6 1800 221077
PBC6 9 28.8 1.03 60.5 1.6 1800 221077
PBC7 8.4 22.7 1.07 61.4 1.6 1800 X207
PBC9 8 20.1 1.01 81.8 1.8 1800 221077
PBC10 7 14.9 1.05 53.8 1.6 1800 %2077
PBC 11 8.2 22.7 1.05 62.7 1.8 1800 X207

and Larsof® have recently examined polydispersity in branched
polymers using hierarchical calculations and slip-link simula-
tions. They demonstrate that a single very mobile branch point
can dominate the relaxation of an H-polymer backbone, and so
in this case polydispersity tends to decrease the terminal time.
However, this result would appear to be particular to the
H-polymer architecture. For highly branched combs, the influ-
ence of very mobile branch points will be diminished since, if
a branch point is pinned between slower branch points in a
backbone, it must still wait for the slow branch points around
it to relax. In this instance the preaveraged approach to
polydispersity of Frischknecht et #l.combined with our new
approach to the end branch points in combs (see Appendix C)
would seem to be applicable and computationally cheaper. Many
of these points hinge critically on the debate over the physics
of branch point motion and on how well the melt polydispersities
are known. These issues indicate the need for further theoretical
insight into branch point motion, combined with well-chosen
experiments to distinguish between different approaches.

We used the Frischknecht et al. correction to arm polydis-
persity for a melt of arms in an immobile volume fraction from
the comb backbones. This approach identifies two rheological
effects of polydispersity: (1) an increase to the mean longest
elaxation time of the arms at the branch paigl) and (2) a
correction to the arm contribution to the relaxation modulus
G(t), a more subtle change making the features in the rheology
less sharp. The increase to the mean longest relaxation time of
the arms at the branch point is given?by

[0 7.0expPe, s e/2] (18)

The correction to the relaxation modulus of the arms itself is

dG(h)
Sata P s [¢( N
[5 -5 erf(yﬁza) — oy — sa)] 0 (19)

wherey = sx2 andA = Ves, 6(y — ) is a step function.

The relaxation time in terms of the new varialyiés

2y3/2
Sa1/2

+ vy (20)

In z(y) = vq&(y -

IV. Results and Discussion
Now we compare our predictions to linear oscillatory shear

accounts for interchain cooperative relaxation through the measurements on a range of different comb architectures. Our
dynamic dilution hypothesis and can be applied to H-polymers calculations include, in each case, corrections due to polydis-
and combs. In this approach a single branch point hopping time persity and the end branch point motion (see Appendix C). The
is found by computing the mean retraction time from a dynamic oscillatory shear response was calculated to evaluate the storage
dilution calculation over the whole arm molecular weight and loss modulus3'(w) andG"(w). For details of the synthesis
distribution. The resulting hopping time is always longer than of the combs refer to ref 4 and for the experimental rheology
the monodisperse case. We note that both of these methods arto ref 6. We used the following parameteid, = 1800 g moi?,
relatively simple analytical modifications to an essentially Go= 1.6 MPa, and. = 2.2 x 1077 s at a temperature of 27.5
monodisperse theory. In contrast, Park et®adnd Shanbhag  °C. We used the dilution exponent = #/5. For the matenaI%DV
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PBC 9 and PBC11, it was necessary to increase the plateauto the range of intermediate relaxation times controlled by this
modulus; however, this variation is within commonly occurring dependence. The longest arm relaxation time also sets the
experimental error in absolute values of moduli. We were able relaxation time of the backbone. The number of branches and
to describe the majority of the combs using the structural the backbone dynamics are more important in extensional flow
parameters derived from the analysis of the chemistry of the because they act to serve as friction points that enhance the
materials in ref 6. One exception was that we had to increase stretch of backbone sections as in the pom-pom nigdélthat
the arm polydispersity in comb 10 to 1.05 (from 1.01). Using leads to extensive strain hardening behavior in extensional flow;
corrections to the original comb model, we have been able to this is, however, beyond the scope of this paper.
successfully describe the rheology of the polybutadiene combs Calculation of Zero-Shear Viscosity vs Molecular Weight.
using the original chemistry values of the structure. We were From the calculation 06" (w) we can calculate the zero-shear
also able to capture quantitatively the effects of polydispersity viscosity by taking the limit of zero strain rate.
in a way consistent with tube theory. Figure 2g shows a
comparison ofG"(w) for the most polydisperse comb studied, — lim
PBC7. The most accurate description of the experimental data o= 0%
is with the cooperative treatment of polydispersity. We compare
this to the cases with no polydispersity and to the result by For the purposes of this calculation, we used a limiting value
averaging over many chaifiClearly the effect of taking the ~ Of the frequency: 1@ s™'. The zero-shear viscosities of
average of many chains does not accurately describe thepolyethylene linear star and comb polymers were calculated for
rheology of the material. We note here that alternative ap- Sseveral molecular weights.
proaches to polydispersity using either hierarchical relaxation ~Figure 6 shows the zero-shear viscosity calculated for
model€830or slip-link simulationd® have produced successful ~ polyethylene combs vs molecular weight. Parameters values
predictions for polydisperse branched systems. used were for polyethylenee = 9.5 x 10~° s andMe = 1150

We now use the model to make predictions of linear comb 9 mol™*, which were calculated for polyethylene at 19D The
rheology for a wider class of materials than are currently value ofze was calculated using equations den_ved from Rouse
available synthetically. For all calculations that follow we theory:* and the value oM. was chosen to give agreement
assume perfectly monodisperse molecular structure and an equafith the linear power law and the corrected MilrévicLeish
separation between branch points, and we ignore the end branctinodel for linear polymer&**The zero-shear viscosity points
point correction in Appendix C. We calculate the rheology of Were calculated using a loop over arm lengths backbone

a material similar to polyethylene by using the following €ngths, s, and the number of branches in the comp,
parameter valueste = 1.562 x 1078 s, M = 1250 g mot Calculations were performed over the following rangesx 2

andT = 170°C. 2 <10,6< s <100, 6< g < . gwas chosen to be no more
than s, to ensure there is at least one entanglement between

In the following discussion, we keep one of the following ;
. . . branch points. The results were calculated for polyethylene at
parameters constant while varying the other two: arm length, o -
190°C in order to compare the result to the power law for linear

backbone length, and number of arms. In this case the baCkbonepolyetherneés plotted as a line in Figure 6 which has the
length is measured form the first branch point to the last branch equation ’

point (w). As G"'(w) shows more of the structural features than q
G'(w), we shall only consider this in the following discussion.

We can see in Figure 3 that increasing the length of the arms

gives the comb loss modulus a very large shoulder feature t0\ye cajculated the zero-shear viscosities of a notional 3-armed
the data as in the case of star-shaped polymers. The prominencgar polymer of length up to 40 entanglements for comparison
of the backbone reptation *hump” decreases in size due t0 the, ie comb data. Note that stars with more arms than three act

action of dilution of the backbone volume fraction by the i, ghift this curve to the right due to increasing molecular weight.
presence of increased arm material. The terminal relaxation time1, check that the parameter valueszefand Go used in the

is very strongly controlled by the longest relaxation time of the  55ye calculations were correct, we compared the results with
arms. the Milner—McLeish model for linear polymer®,and a good

The variation of backbone length while keeping the arm agreement was found with eq 22.
length and arm number constant also extends relaxation features The result of Figure 6 is significant in that, experimentally,
to lower frequency, although not as dramatically as does arm metallocene-catalyzed polyethylenes are shown to deviate from
length. As backbone length was increased, we found that thethe power law line dramatically in the same way that the model
reptation “hump” becomes more prominent in size as the combs do. The most comprehensive results for this are to be
backbone volume fraction dominates. seen in the thesis of Gabriel and subsequent papétn the

As the number of arms increases relative to the other literature, this has been described as the material possessing
parameters, the backbone relaxation features are smoothed outstarlike” branching, but it can also be obtained by comb
due to a decrease in backbone volume fraction. In fact, with configurations. We can obtain more insight into the effect of
combs that are very highly branched, the reptation “hump” can molecular structure on the zero-shear viscosity by decomposing
almost disappear entirely. This is interesting in understanding Figure 6 into domains with specific values of the parameters
the shape of the loss modulus of highly branched LPDE that s, %, andg.
does not display any humps whatsoever, suggesting that multiply From the set of zero-shear viscosities calculated for all the
branched, short arms act to dilute the rest of the molecule(s), comb structures in the ranges<2s, < 10, 6 < 5, < 100, and
in a similar, but more radical, way than combs. From the above 6 < q < s, we plot only constant values of one of the variables
analysis, we can conclude that the lengths of the arms are theto gain insight into the dependence of the zero-shear viscosity
most sensitive controlling feature of the shear rheology. This with comb structure. Figure 7a shows zero-shear viscosities vs
is because the relaxation time at the branch point has anmolecular weight for whichg is constant with values 10, 50,
exponential dependence on the length of the arms but also dueand 100 armsW\e can clearly see that the effect of adding m&rsv

G@) 21)

o= 5.8 x 10 M, >** (22)
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Figure 2. Storage and dissipation moduli of polybutadiene combs for the theory (lines) with experimental data (circles and triangles). Comb
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structural parameters are the chemistry véflwéshe comb structure with little adjustmentt= 27.5°C. Materials are (a) PBC5, (b) PBC6, (c)
PBC7, (d) PBC9, (e) PBC10, and (f) PBC 11. (g) shows a comparis@i' @) for the most polydisperse comb, PBC7, for the successful fitting

of the data with the cooperative treatment of polydispersity (dark dash) compared to the cases with no polydispersity (light dash) and to the result

of averaging over many chains (solid line).
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3.4 linear power law
v 3 armed star
% all combs

@ 10* 10° 10°
Figure 3. Loss modulus calculated for monodisperse comb polyeth- M

ylenes with varying arm length in numbers of entanglements and 10 ] ] ) )
arms. Figure 6. Predicted zero-shear viscosity vs molecular weight of

polyethylene combs (crosses) with varying arm, backbone length, and
S — arm number compared to the power law relation for linear HDPE.
E Triangular points are 3-armed stars.

[ | — s,=10.5,=100, g=10
10°E| —- s =10, 5,250, g=10
E| — s,210.5,=10,9=10

spread in the range of zero-shear viscosity increases (in height).
However, we must note that the effect of the arm molecular
weight is stronger that the backbone length because of the
relative values of the number of entanglement segments
(lengths). From the above analysis of our data, it seems that
the arm length and the backbone length can vary substantially
the position of the zero-shear viscosity for a given molecular
weight. This is because the one of the parameters is being varied
while the other is held constant. By further analyzing the
individual data points, we found that the highest zero-shear
viscosities are obtained with combs that have long aamd
long backbones and with few arms. We find that the combs
with short backbones and short arms with many arms lie under
107 ¢ r . . the 3.4 index power law line obeyed by linear polymers.
Increasing the arm length and the backbone length lifts the zero-
shear viscosity upward away from the power law line and to
the right along the molecular weight axis. The number of arms
shifts the molecular weight in a translation to the right along
the M axis and reduces the zero-shear viscosity, as many arms
act to enhance dynamic dilution (through). It is interesting
that many of the points lie below the linear 3.4 power law line
of linear polymers, although it should be bourn in mind that
the choice of M. affects the vertical shift in the model.
Interestingly commercial, highly branched materials such as
LDPE can have zero-shear viscosities above the power law line
& but more often are to be found well below!#2° This makes
Figure 5. Loss modulus calculated for monodisperse comb polyeth- S€nse if the idea that many short arms having a diluting effect
ylenes with varying arm number. on the zero-shear viscosity is correct. We also note that work
by Auhl et al?” demonstrates a reduction in zero-shear viscosity
arms to comb polymers increases the molecular weight and actddy the effect of increasing arm number by the irradiation of
to reduce the zero-shear viscosity in a dilution effect. Figure polypropylene.
7b shows zero-shear viscosities vs molecular weight with  From the decomposition of all the calculated data, we can
constant values of arm length of 2, 6, and 10 entanglementsummarize: The length of both comb and star polymer arms
segments, as the backbone length and number of arms are variedlictates the height above the linear power law of the zero-shear
In the case of the shortest arms whege= 2 entanglement  viscosity with an exponential dependence and is therefore the
segments, the data lie in a domain both above and below thekey variable for control of zero-shear viscosity. The length of
power law line for linear polymers. As the arm length is the backbone also contributes to a horizontal and vertical shift
increased, this domain shifts along the molecular weight axis of the zero-shear viscosity as it increases but has a weaker
but also the spread in the range of zero-shear viscosity increaseslependence than the arm length. The number of arms dominates
(in height). The data lies on either side of the linear power law a horizontal shift and a vertical reduction in the zero-shear
line. Figure 7c shows zero-shear viscosities vs molecular weightviscosity in molecular weight.
data with constang, = 10, 20, 50, and 100 entanglements. It On analysis of the data we found that the combs that lie on
is apparent that the backbone length has a similar effect to thethe same curve as the 3-armed star are the combs with the
arm length. As the backbone length is increased, the domain oflongest arms&ndlongest backbones with the fewest number of
the data shifts along the molecular weight axis, and again the arms ¢ = 6). Interestingly, the lengths of the arms of the con&)BV

G"()

10°

o
Figure 4. Loss modulus calculated for monodisperse comb polyeth-
ylenes with varying backbone length.

10°

10°F

G"(e)




4224 Inkson et al. Macromolecules, Vol. 39, No. 12, 2006

(@) g, AR TN specific length of arms is known, which it can be, in the case
L3 v 3armed star of polymacromers, then it could enable a determination of
5 v, ° q=6 structure.
10°+ — ' g:;§ We also repeated this calculation of zero-shear viscosity with
1074 ' v g=100 pom-poms instead of combs. We found that the pom-poms lie
10° ] in an identical area to the comb polymers. This knowledge
N 10°] outlined above means that polymer structure design could result
4 i in desired material properties, as the zero-shear viscosity of
3‘ materials is an important attribute in material processing and
10:9 solid-state mechanics.
10° o Analytical Relation of the Zero-Shear Viscosity and
10' 4 : Structural Parameters. The zero-shear viscosity of a polymer
el e : : melt is approximately calculated from the product of the plateau
10° 10° 10° modulus and the terminal relaxation time. For a comb, this is
M the backbone reptation time.
(b) —— 3.4 linear power law o= GOrrept (23)

Increasing q S°=2

10° s =6 Substituting the comb reptation time from eq 12 gives
10° * §=10 2.2, 20,
v 3 armed star 7o 0 Go(1 — X)8, ¢y~ (1)1 (24)

Using our melt expressions fory(1), we found that the
approximate form of (23) could be made quantitative in
comparison to the full integral oves(t) by the introduction of

a numerical prefactor. The resulting approximate analytical
expression for the viscosity for polyethylene combs (190

is

2, 8/3 312, J2754(1~ (1~ A1+ 7¢4/3)))/ 11242
N1_6(13050 By 0TS, 2751~ (1) A1+ 7o/ 3))V/ 1125

10 10 10 25
M Mo (1 _ ¢a)4/3 ( )

(C) 3.4 linear power law V. Conclusions
10" 3 armed star Using corrections to the original comb model, we have been
W ' Eﬁﬂﬁ: :b:;g able to successfully describe the rheology of the monodisperse
10° A N polybutadiene combs using the original chemistry values of the

,  comba 5.=100 structure alone. Our choice of was“/3, whereas other comb

109 ’ models usex as being equal to unity. At this level of detail,

10° ncTessing & the choice ofx = 1 does not agree as well with the experimental
data when chemistry-derived parameter values are used. We
were able to qualitatively capture the effects of polydispersity
in a way consistent with tube theory, where the cooperative
effect of chain dilution from arms of variable lengths in a
network of slower entangled material must be taken into account.
The influence the backbone extremities giving rise to two

10°
10°
10'

10° effective arms of different lengths at the end branch point was
also accounted for quantitatively within the dynamic dilution
framework.
Figure 7. (a) Variation ofjo with molecular weight for constamf= From the comb theory we derived a simple analytical equation
10, 50, and 100, while, ands, are varied (b) Variation of 7o with to evaluate the zero-shear viscosity of monodisperse comb

molecular weight for constas{ = 2, 6, and 10 entanglement segments, polymers, in terms of structural variables of arm length,
}’\c’)rr"L%ﬁgg?%?jrfo\,’az‘r('f%ofcgn\éa{gé'%ﬂtﬁ%gﬂemﬂggﬂa&g%ﬁe backbone length, and'the n'um.ber of branc.he§. We demonstrated
andq were varied. that the zero-shear viscosity is exponential in arm length and
arm volume fraction. The zero-shear viscosity varies with the
which lie on this star curve, are less than the stars because thesquare of the backbone length and linearly with the number of
long backbones enhance the zero-shear viscosity. We canbranches, although there is alsq dependence in the volume
formulate the question: Given a specific zero-shear viscosity fractions. The length of comb polymer arms is therefore the
for a multiply branched metallocene-catalyzed material, is it key variable for control of zero-shear viscosity. The length of
possible to determine the molecular structure from this map of the backbone also contributes to a horizontal and vertical shift
comb structures? Unfortunately, not, as even in this family of of the zero-shear viscosity as it increases but has a weaker
monodisperse architectures, many different structures can givedependence than the arm length. Increasing the number of arms
equivalent zero-shear viscosities. It is clear by the density of will increase the molecular weight but reduce the zero-shear
points (of all the combs) that several structural topologies shareviscosity. This model relates branched polymer molecular
the same value of the zero-shear viscosity. However, if the structure to a rheological variable that can be measureg&//
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simple rheology. It is hoped that this work will enable design length and tube diameter in the entanglement network formed
of materials through controlled chemistry and catalysis in the by backbonesg: = agp,*/2). Thus
future.

ARC= %(§( = )r’ﬂekBTt)U2 (Ad)
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previously published backbone relaxation time equations. whereDg is the effective diffusion constant of the renormalized
' . ' . backbone De = a,p?274(1)). Inserting these expressions, using
Appendix A. First Passage Time Calculation [AR?O~ (xL/2)? and the approximation that eq A4 can be

. . . . N inverted to give a time scale, leads to the final expression
In this appendix, we discuss an analytic approximation,

introduced by Milner and McLeishthat is frequently used to 3757
describe the arm relaxation time in branched polymer melts. TpdXy) = > qso3¢3“xb4ra(1) (A5)
The arm relaxation time is the first passage time of a particle 819

diffusing in an effective potentialJ(x). This problem reduces

. . — 4 2
to evaluation of a double integral where we also usegf = “/sNeb?.

Appendix C. End Branch Point Calculation

RS y

I(x) = L/(; dy exp[U(y)]f ~dzexp[-U@@] (A1) In this appendix we derive a correction to the theory outlined

in the main paper to account for the situation illustrated in Figure
Frischknecht et &° suggest the following approximation 8. The section of backbone between the free end and the first

As sh
explU(x |
1) ~ pU(X)] 2 (A2) - )
U'(x) U"(x=0) T ————— R
s* \ | sarm I' I| |

which is valid when exg)(x)] > 1, i.e., deep retractions, and \
whenU'(x) is sufficiently larger than zero. In these limits the

integral overzis dominated by the region close to zerol$@) 3
~ U022, "fmd the rangt_e of InFegratlon can be ta!(en to be Figure 8. A comb polymer with two different arms lengths at the end
—otow. The mte_gral ovey is dominated by the potential close branch point. In this casés > s;m and part of the longer arm is
to the upper limit,x, soU(y) =~ U(x) + (y — X)U'(X). These incorporated a renormalized backbone.

approximations allow the integration to be performed analyti-

cally, leading to eq A2. Several publications erroneously have branch pointAs, is able to act as arm material since it has a
the factor of 2 in the denominator inside the square root rather free end. In general, this end arm will be a different length to

than in the numerator as above. the grafted arms. Furthermore, if we assume that the branches
are evenly spacedAs may be longer or shorter thasym,

Appendix B. Derivation of Early Fluctuation Time for depending on the comb’s structural parameters. We contrast this

Highly Branched Backbone calculation with the derivation in the main paper, in which we

assumed that all arms are the same length. Our results

Here we derive the early fluctuation time of a highly branched o 4nirate that, for the materials considered in this study, the
comb backbone. The calculation proceeds by analogy with the ..o tion is noticeable but small.

sub-Fickian diffusion of a one-dimensional Rouse chain. For v begin by calculating the star arm retraction for a blend
comb backbones, the expressions for both the frictional drag of g different arm lengths and a fraction of fixed backbone
and the tube diameter are changed, but the underlying physicSyaterial. This is a slightly more general case of a similar
is the same. The friction of the backbones is renormalized since ¢5|culation for asymmetric stars made by Frischknecht & al.
the drag is dominated by the friction at the branch points, of an their approach can be adapted to model an asymmetric comb
which there areq along the whole chain. The entanglement o4 \We denote the arm length esand § for the short and
network is also renormalized since all arm segments act aS|ong arms and the volume fractions abg, ®;, and®g for the
solvent at these time scales meaning that entanglements carport arms, long arms, and backbones, respectively. We compute
only be formed with other backbones. Equation 6.107 from the effective potential for each arm using the BallcLeish
Doi—Edwards}, which describes the sub-Fickian diffusion of  equation. By changing variablesyie= xs, for each arm species

an entangled Rouse chain, can be written as i, the dependence on arm lengths can be removed to give
4(3(Nb” v d(n7) dU(y)
AR= —(—(—) Tt) A3 AT _ e = e
3\z\en) e (A3) &y = dy (AB)

We identify (N as the total drag of the chain, which for our Thus, at the level of the BallMcLeish equation, it takes the
renormalized chain i§,,0, Wherepp is the drag of a single same time for either a long or short arm to retract to a given
branch point. We also substitute Mb? = Leae, whereL. and value ofy. We consider two cases separately: before the short
ae are respectively the renormalized backbone primitive path arms have retracted < s;) and after all short arms have relaxe%v
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(y > s9. In each case the unrelaxed volume fractidncan be
written as a function a single variabje Fory < s

ool ool
o]

with the second line following becauseg + ®s + &) = 1.
This is of the same form as eq A2 from Frischknecht et al. so

dUcq(y)
ay

(A7)
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and the backbone concentration becomes

- $M.

¢y = M, + oM, (A13)

From this derivation we see a 2-fold effect on the terminal time.
75(1) becomes slightly longer due to the presence of the
additional long-lived material in the longer arms which slows
the dilution of the entanglement network. Second, the distance
the backbone must reptate is increased. Both of these effects
tend to enhance the backbone terminal time.

In the opposite case, whexs < s;m, we takeAs as the short

we can use their expressions for the effective potentials (eqsarm ands,m as the long arm and compute the two arm times,

A5 and A6 from Frischknecht et al.). When> s;, the Bal-
McLeish equation becomes

dUe(y) o, + <I>.(1— \/g)]a

dy
which, after integrating and changing variable back tdeads

=V

(A8)

to
_200°5(1+ A ( X )aH
R CEE N R W e
X

whereA = ®g/®P; and the constant of integratio@, is chosen
to match the two expressions for the long arm potential at
4/8/S. Thus, the relaxation times for both the short and long

arms can be computed from their respective potentials, as before,

via

o ZPUQY 21 |
T \U{(FO))

(A10)

As before, the crossover equation (4) can be used to include

early Rouse fluctuations.

The distance retracted by the long arm in the full retraction
time of the short arm is denotest in Figure 8 orx* for the
corresponding fractional distance. By definition, this is given
by

1(% =x) =1{s=1) (Al1)

s andr, as above. Once> 75, the two end branch points are
able to fluctuate but their range of motion is limited since the
other branch points remain pinned. When 7, the remaining
branch points become mobile and full backbone relaxation can
proceed. Unlike before, no further renormalization of the
backbone length is necessary since all arm material will have
relaxed before substantial backbone motion can occur. However,
in this case the frictional drag of the two end branch points is
reduced since they are connected to a faster relaxing short arm.
These branch points have a relaxation timergfand the
remainingg — 2 branch points have a relaxation timerpfFor
deep fluctuations and reptation of this composite backbone, at
the level of the Milner-McLeish model? only the total
backbone friction is considered, not the arrangement of these
frictional points along the backbone. We compute the total
backbone friction by summing over all branch points.

2keT (1)
Y Tu(l)(ZtI )

@- 2)) (A14)

+

ke T
& =" (1)+ (@ - 2y(1)) =

which is equivalent to renormalizing

R 7Y
4= 2(1 Tl(l))

This approach is incorrect for the early fluctuations, where the
distribution of friction along the backbone does matter. How-

ever, these early backbone fluctuations have little effect on the
overall relaxation spectrum and even less influence on the
terminal time, where the strongest effect of this more detailed
calculation is manifested. Fadts < s;mthe modification tends

to reduce the backbone terminal time, as before, through two

(A15)

As noted by Frischknecht et al., this crossover does not occur effects.z,(1) is reduced by the faster dilution of the entanglement

exactly atx = ,/s/s, as suggested by the BaMcLeish
equation, due to the weakly-dependent prefactor in the
expression for;. Therefore, we finde* by numerical solution
of eq All.

Next we consider the effect of this detailed calculation when
As > sym Here, theAs segments are the long arms and she

network due to the fast relaxing material in the short arms, and
the backbone drag is reduced by the renormalizatiog. of

We now examine the effect of this modification on the
terminal behavior of our model predictions for the combs in
this study. PBC 11 is the only comb for whigts > s;m and
all other combs havas < s;m To allow the influence of this

segments become the short arms. The calculation proceeds asorrection to be seen in isolation, we do not include any
above until the long arms have retractedkto At this point it polydispersity corrections in these calculations. Figure 9 shows
becomes faster for the remaining long arm segments to relaxthe effect of the modification compared to the assumption that
via reptation of the whole backbone. Effectively, these segments all arm material has lengthmand demonstrates that the change
have become part of the backbone (see Figure 7). Th(is, in terminal is relatively small. Similar or smaller shifts occur
which controls the frictional drag of the branch points, is given in all other materials in this study. In Figure 9 the predicted
by 74(1). With 74(1) determined, we compute the backbone terminal time is a slightly shorter than the experimental value,
relaxation, counting all long arm material with > x* as a gap that is accounted for by the polydispersity correction. All
backbone. Thus, when computing the backbone relaxation, thecalculations in Figure 2 include the influence of this end
effective backbone length increases to correction. The direction and magnitude of these shifts aid the
agreement for all of the combs except PBC 5. In this case the

§=s12(1—x)As (A12) predicted terminal time is too low before the correctionCiBV
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Figure 9. Influence of the end correction on the linear rheology.

Dashed lines are for the monodisperse theory outlined in the main part
of the article, solid lines show the end correction discussed above, and

the shapes are experimental data. (a) shows PBC9 for whsck:
Sarm, @nd (b) shows PBC11, the only sample for whits > s;m.
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applied, and the end branch point correction decreases this22) Kapnistos, M.; Vlassopoulos, D.; Roovers, J.; Leal, L. G. Linear

further. This may be due to the particularly short arms of this
molecule. Overall, the significance of these small shifts should

not be overestimated, and our main conclusion is that, for the

combs in this study, the influence of the end branch point
correction is small.
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